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Abstract
Let K be a nonempty closed convex and bounded subset of a real Banach space E and
T :K → K be uniformly L-Lipschitzian, uniformly asymptotically regular with sequence {εn},
and asymptotically pseudocontractive with constant {kn}, where {kn} and {εn} satisfy certain mild
conditions. Let a sequence {xn} be generated from x1 ∈ K by xn+1 := (1 − λn)xn + λnT nxn −
λnθn(xn − x1), for all integers n 1, where {λn} and {θn} are real sequences satisfying appropriate
conditions, then ‖xn − T xn‖→ 0 as n→∞. Moreover, if E is reflexive, and has uniform normal
structure with coefficient N(E) and L<N(E)1/2 and has a uniformly Gâteaux differentiable norm,
and T satisfies an additional mild condition, then {xn} also converges strongly to a fixed point of T .
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1. Introduction
Let E be a real normed linear space with dual E∗. We denote by J the normalized
duality mapping from E to 2E∗ defined by
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where 〈· , ·〉 denotes the generalized duality pairing. It is well known that if E∗ is strictly
convex then J is single-valued. In the sequel, we shall denote the single-valued normalized
duality map by j .
Let E be a normed linear space; ∅ = K ⊂ E; a mapping T :K → K is said to
be nonexpansive if for all x, y ∈ K we have ‖T x − Ty‖  ‖x − y‖. It is said to be
asymptotically nonexpansive if there exists a sequence {kn} with kn  1 and limkn = 1
such that ‖T nx − T ny‖  kn‖x − y‖ for all integers n  0 and all x, y ∈ K . Clearly,
every nonexpansive map is asymptotically nonexpansive with sequence kn = 1, ∀n  0.
There are however, asymptotically nonexpansive mappings which are not nonexpansive
(see, e.g., [5]).
The class of asymptotically nonexpansive mappings was introduced by Goebel and
Kirk [4] in 1972 and has been studied by several authors (see, e.g., [6,14–16,18]).
Goebel and Kirk proved that if K is a nonempty closed convex and bounded subset of
a uniformly convex Banach space, then every asymptotically nonexpansive self-mapping
of K has a fixed point. Several authors have studied the following methods for the iterative
approximation of fixed points of asymptotically nonexpansive mappings (see, e.g., [14–16,
18]).
(a) The modified Ishikawa iteration method. Let E be a normed linear space, K a
nonempty convex subset of E and T :K → K a given mapping. Then for arbitrary
x1 ∈K the modified Ishikawa iteration method {xn} is given by
xn+1 := (1− αn)xn + αnT nyn; yn := (1− βn)xn + βnT nxn, n 1,
where {αn} and {βn} are suitable sequences in [0,1].
(b) The modified Mann iteration method. With E,K, and x1 as in (a), the modified Mann
iteration method {xn} is given by
xn+1 := (1− αn)xn + αnT nxn, n 1,
where {αn} and {βn} are suitable sequences in [0,1].
An important class of nonlinear mappings generalizing the class of asymptotically
nonexpansive mapping has been introduced and studied. Let K be a subset of real Banach
space E and T :K →E any map. T is said to be asymptotically pseudocontractive if there
exist {kn} ⊂ [1,∞) and j (x − y) ∈ J (x − y) such that the inequality〈
T nx − T ny, j (x − y)〉 kn‖x − y‖2, (1.1)
holds for all x, y ∈ K and for all integers n  1. It is trivial to see from inequality (1.1)
that every asymptotically nonexpansive mapping is asymptotically pseudocontractive. The
mapping T is called uniformly asymptotically regular if for each ε > 0 there exists n0 ∈N,
such that ‖T n+1x − T nx‖  ε for all n  n0 and all x ∈ K and it is called uniformly
asymptotically regular with sequence {εn} if ‖T n+1x − T nx‖ εn, ∀n  0 and ∀x ∈ K ,
where εn → 0 as n→∞. T is called uniformly L-Lipschitzian if there exists L > 0 such
that ‖T nx − T ny‖ L‖x − y‖, ∀x, y ∈K and for each integer n 1.
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and has been studied by various authors.
For an asymptotically nonexpansive self-mapping T of a nonempty bounded closed and
convex subset of a Hilbert space H , Reinermann [13] proved the following theorem:
Theorem R. Let H be a Hilbert space, K ⊂ E be nonempty closed bounded and
convex. Let T be an asymptotically nonexpansive self-map of K with {kn} ⊂ [1,∞);∑
(k2n − 1) <∞, ε  αn  1 − ε for all n ∈ N, and some ε > 0; pick x0 ∈K; and define
xn+1 := αnT nxn + (1− αn)xn for all n 0. Then lim‖xn − T xn‖ = 0.
In [15], Rhoades extended Theorem R to uniformly convex Banach spaces using the
iteration methods (a) and (b).
In 1991, Schu [16] proved the following theorem for asymptotically pseudocontractive
mappings in Hilbert spaces.
Theorem S1 [16]. Let H be a Hilbert space, K ⊂ E be nonempty closed bounded and
convex. Let T be a uniformly L-Lipschitzian and asymptotically pseudocontractive self-
map of K with {kn} ⊂ [1,∞); ∑(q2n − 1) < ∞, where qn = (2kn − 1) for all n  1,
αn,βn ∈ [0,1], ε  αn  βn  b for all integers n  1 and some ε > 0; and some
b ∈ (0,L−1[(1 + L2)1/2 − 1]; pick x0 ∈ K; and define xn+1 := αnT nzn + (1 − αn)xn;
zn = βnT n(xn)+ (1− βn)xn for all n 0. Then lim‖xn − T xn‖ = 0.
Any sequence satisfying the conclusion of Theorem R or Theorem S1, i.e.,
lim
n→∞‖xn − T xn‖ = 0
is called an approximate fixed point sequence for T .
The importance of approximate fixed point sequences is that once a sequence has
been constructed and proved to be an appropriate fixed point sequence for a continuous
mapping T , convergence of that sequence to a fixed point of T is then generally achieved
under some mild compactness-type assumptions either on T or on its domain: For example,
convergence to a fixed point of a nonexpansive mapping T can be proved under any of the
following additional assumptions:
(a) The range of T is contained in a compact subset of K (see, e.g., [16]),
(b) T maps K into K and is demicompact at zero (see, e.g., [10]).
It is still an open problem whether or not the sequence defined by the iteration
method (a) or (b) is an approximate fixed point sequence for the class of asymptotically
pseudocontractive (or asymptotically nonexpansive) mappings in spaces more general than
Hilbert spaces.
This brings us to the following question:
Question 1. Is it possible to construct an approximate fixed point sequence for the class of
asymptotically pseudocontractive maps in spaces more general than Hilbert spaces?
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point of asymptotically nonexpansive maps. To state this process, we need the following
definition.
Definition 1.1. Let εn ∈ (0,∞), µn ∈ (0,1), for all nonnegative integers n. Then,
({αn}, {µn}) is called admissible (see, e.g., [17]) if and only if the following conditions
hold:
(1) {εn} is decreasing and {µn} is strictly increasing with limµn = 1;
(2) there is a sequence {βn} ⊆ N such that the following conditions hold:
(a) {βn} is increasing;
(b) limn→∞ βn(1−µn)=∞;
(c) limn→∞ 1−µ(n+βn)1−µn = 1;
(d) limn→∞ εnβnµ(n+βn)1−µn = 0.
Definition 1.2. A subset K of E is said to be starshaped if there is x0 ∈ K such that
(1− t)x0 + tx ∈K whenever t ∈ [0,1] and x ∈K .
Theorem S2 [17]. Let E be a smooth reflexive Banach space possessing a duality mapping
j :E→E∗ that is weakly sequentially continuous at 0. ∅ =K ⊂ E closed, bounded, and
starshaped with respect to zero; T :K → K asymptotically nonexpansive with sequence
{kn} ⊂ [1,∞), (I − T ) demiclosed; tn ∈ ( 12 ,1); z0 ∈K; zn+1 := λn+1kn+1 T nzn for all n ∈N;
(a) limλn = 1; µn := λnkn for all n ∈ N; kn 
λ2n
(2λn−1) for all n ∈ N; {
(1−µn)
(1−λn) } bounded;
εn ∈ (0,∞) for each n ∈N, such that ({εn}, {µn}) is admissible; (b) ‖T nx − T n+1x‖ εn
for all n ∈N and all x ∈K . Then {zn} converges strongly to some fixed point of T .
It is known that Lp spaces, 1 < p <∞, p = 2, do not possess weakly sequentially
continuous duality maps and hence this theorem cannot be applied to these spaces. This
brings us to our second question.
Question 2. Can an iterative algorithm be constructed which converges to a fixed point of
an asymptotically pseudocontractive mapping in Banach spaces which include Lp spaces,
1 <p <∞?
It is our purpose in this paper to give affirmative answers to Questions 1 and 2. Let
K be a nonempty closed convex and bounded subset of a real Banach space E and
T :K →K be uniformly L-Lipschitzian, uniformly asymptotically regular with sequence
{εn} and asymptotically pseudocontractive with constant {kn}, where {kn} and {εn} satisfy
certain mild conditions. Let a sequence {xn} be generated from x1 ∈ K by xn+1 :=
(1 − λn)xn + λnT nxn − λnθn(xn − x1), for all integers n  1, where {λn} and {θn} are
real sequences satisfying appropriate conditions, then ‖xn − T xn‖ → 0 as n→∞. This
provides an affirmative answer to Question 1. Moreover, if E is reflexive, and has uniform
normal structure with coefficient N(E) and L < N(E)1/2 and has a uniformly Gâteaux
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strongly to a fixed point of T . This provides affirmative answer to Question 2.
2. Preliminaries
Let K be a nonempty bounded closed convex subset of a real Banach space E and let
d(E) := sup{‖x − y‖: x, y ∈ K} be the diameter of K . For each x ∈ K , let r(x,E) :=
sup{‖x − y‖: y ∈ K} and let r(K) := inf{r(x,K): x ∈ K}, the Chebyshev radius of K
relative to itself. The normal structure coefficient of E is defined (e.g., [2]) as the number
N(E) := inf{d(K)/r(K): K is a bounded closed convex subset
of E with d(K) > 0
}
.
A space E such that N(E) > 1 is said to have uniform normal structure. It is known that
a space with a uniform normal structure is reflexive and that all uniformly convex Banach
spaces and all uniformly smooth Banach spaces have uniform normal structure (e.g., [1]).
Recall (see, e.g., [19]) that a Banach limit LIM is a bounded linear functional on l∞
such that
‖LIM‖ = 1, lim inf
n→∞ tn  LIMn tn  lim supn→∞
tn, (2.1)
and LIMn tn = LIMn tn+1 for all tn ∈ l∞.
Let K be nonempty closed convex subset of a real Banach space E. A mapping
T :K →K is called pseudocontractive if there exists j (x − y) ∈ J (x − y) such that
〈
T x − Ty, j (x − y)〉 ‖x − y‖2, (2.2)
for all x, y ∈K . As a result of Kato [7], it follows that inequality (2.2) is equivalent to
‖x − y‖ ∥∥x − y + t((I − T )x − (I − T )y)∥∥,
for each x, y ∈K and for all t > 0.
In what follows, we shall make use of the following lemmas.
Lemma 2.1 (see, e.g., [3,9]). Let E be a real normed linear space, then for any x, y ∈ E
and j (x + y) ∈ J (x − y), we have
‖x + y‖2  ‖x‖2 + 2〈y, j (x + y)〉.
Lemma 2.2 (see, e.g., [8]). Let {λk} and {γk} be sequences of nonnegative numbers and
{αk} be a sequence of positive numbers satisfying the conditions∑∞1 αn =∞ and γnαn → 0,
as n→∞. Let the recursive inequality
λ2n+1  λ2n − αnφ(λn+1)+ γn, n 1, (2.3)
be given where φ is a nondecreasing function from R+ to R+ such that it is positive on
R
+ \ {0}, φ(0)= 0, limt→∞ φ(t)=∞. Then λn → 0.
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nonempty bounded subset of E, and T :K → K is a uniformly L-Lipschitzian mapping
with L < N(E)1/2. Suppose also there exists a nonempty closed convex subset C of K
with the following property (P):
x ∈C implies ωw(x)⊂ C,
where ωw(x) is the weak w-limit set of T at x , i.e., the set {y ∈ E: y = weak- limj T nj x
for some nj →∞}. Then T has a fixed point in K .
Lemma SR [12]. Let E be a Banach space with a uniformly Gâteaux differentiable norm,
K be a nonempty closed convex subset of E and {xn} be a bounded sequence in E. Let
LIM be a Banach limit and y ∈K . Then LIMn ‖xn− y‖2 = minz∈K LIMn ‖xn− z‖2 if and
only if LIMn〈x − y, j (xn − y)〉 0 for all x ∈K .
3. Main results
We first prove the following lemma.
Lemma 3.1. Let E be a real Banach space. Suppose K is a nonempty closed convex and
bounded subset of E and T :K → K is a uniformly asymptotically regular, uniformly
L-Lipschitzian and asymptotically pseudocontractive mapping with constant {kn}. Then
for u ∈ K , and tn ∈ (0,1) such that tn → 1 as n→∞, there exists a sequence {yn} ∈ K
satisfying the following condition:
yn = tn
kn
T nyn +
(
1− tn
kn
)
u. (3.1)
Furthermore, ‖yn − Tyn‖→ 0 as n→∞.
Proof. For each tn ∈ (0,1), the mapping Tn(y) := tnkn T ny +
(
1 − tn
kn
)
u is continuous and
strongly pseudocontractive. Therefore, by Theorem 5 of [11], Tn has a unique fixed point
(say) yn ∈K . This means that the equation
yn = tn
kn
T yn +
(
1− tn
kn
)
u
has a unique solution for each tn ∈ (0,1). Moreover, since K is bounded we have that
∥∥yn − T nyn∥∥=
∥∥∥∥
(
1− tn
kn
)
u+
(
tn
kn
− 1
)
T nyn
∥∥∥∥=
(
1− tn
kn
)∥∥u− T nyn∥∥→ 0
as n→∞. (3.2)
Thus,
‖yn − Tyn‖ =
∥∥∥∥
(
1− tn
kn
)
(u− Tyn)+ tn
kn
(
T nyn − Tyn
)∥∥∥∥

(
1− tn
)
‖u− Tyn‖+ tn
∥∥T nyn − T n+1yn∥∥+ tn ∥∥T n+1yn − Tyn∥∥
kn kn kn
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(
1− tn
kn
)
‖u− Tyn‖+ tn
kn
∥∥T nyn − T n+1yn∥∥+ tn
kn
L
∥∥T nyn − yn∥∥.
Therefore, from (3.2) and the uniform asymptotic regularity of T we get that ‖yn −
Tyn‖→ 0 as n→∞. ✷
We now prove the following theorems.
3.1. Approximate fixed point sequences
Theorem 3.2. Let K be a nonempty closed convex and bounded subset of a real Banach
space E. Let T :K → K be uniformly L-Lipschitzian, uniformly asymptotically regular
with sequence {εn} and asymptotically pseudocontractive with sequence {kn} such that for
λn, θn ∈ (0,1), ∀n 0, the following conditions are satisfied:
(i) ∑∞n=1 λnθn =∞; λn(1+ θn) 1;
(ii) λn
θn
→ 0, θn → 0,
( θn−1
θn
−1)
λnθn
→ 0, εn−1
λnθ2n
→ 0;
(iii) kn−1 − kn = o(λnθ2n);
(iv) kn − 1 = o(θn).
Let a sequence {xn} be iteratively generated from x1 ∈K by:
xn+1 := (1− λn)xn + λnT nxn − λnθn(xn − x1), ∀n 1, n ∈N. (3.3)
Then ‖xn − T xn‖→∞ as n→∞.
Proof. Let {yn} denote the sequence defined as in (3.1) with tn = 11+θn . Then from (3.3)
and Lemma 2.1 we get the following estimates:
‖xn+1 − yn‖2 =
∥∥xn − yn − λn((xn − T nxn)+ θn(xn − x1))∥∥2
 ‖xn − yn‖2 − 2λn
〈(
xn − T nxn
)+ θn(xn − x1), j (xn+1 − yn)〉
= ‖xn − yn‖2 − 2λn
〈
θn(xn+1 − yn), j (xn+1 − yn)
〉
+ 2λn
〈
θn(xn+1 − yn)−
(
xn − T nxn
)− θn(xn − x1), j (xn+1 − yn)〉
 ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2
+ 2λn
〈
θn(xn+1 − xn)−
(
xn − T nxn
)+ θn(x1 − yn), j (xn+1 − yn)〉
= ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2λn
〈
θn(xn+1 − xn)
+ θn(x1 − yn)−
(
xn − T nxn
)−
(
yn − 1
kn
T nyn
)
+
(
yn − 1
kn
T nyn
)
−
(
xn+1 − 1
kn
T nxn+1
)
+
(
xn+1 − 1 T nxn+1
)
, j (xn+1 − yn)
〉
kn
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〈
θn(xn+1 − xn)
+
[
θn(x1 − yn)−
(
yn − 1
kn
T nyn
)]
−
[(
xn+1 − 1
kn
T nxn+1
)
−
(
yn − 1
kn
T nyn
)]
+
[(
xn+1 − 1
kn
T nxn+1
)
− (xn − T nxn)
]
, j (xn+1 − yn)
〉
. (3.4)
Observe that from the properties of yn and T we have θn(x1 −yn)− (yn− 1kn T nyn)+ (1−
1
kn
)x1 = 0 and 〈(xn+1 − 1kn T nxn+1)− (yn − 1kn T nyn), j (xn+1 − yn)〉  0. Thus, we have
from (3.4) that
‖xn+1 − yn‖2  ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2
+ 2λn
[
(θn + 1)‖xn+1 − xn‖+ 1
kn
∥∥T nxn+1 − T nxn∥∥
+ (kn − 1)
kn
(∥∥T nxn∥∥+ ‖x1‖)
]
‖xn+1 − yn‖
 ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2λn
[
(2+L)‖xn+1 − xn‖
+ (kn − 1)
kn
(∥∥T nxn∥∥+ ‖x1‖)
]
‖xn+1 − yn‖
 ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2
+ 2(2+L)λ2n
∥∥xn − T nxn + θn(xn − x1)∥∥ · ‖xn+1 − yn‖
+ 2λn (kn − 1)
kn
(∥∥T nxn∥∥+‖x1‖)‖xn+1 − yn‖. (3.5)
But since K is bounded, {xn}, {yn} and hence {T nxn} are bounded. Thus, there exists
M1 > 0 such that max{‖T nxn‖ + ‖x1‖,‖xn − T nxn + θn(xn − x1)‖} M1. Then from
(3.5) we get that
‖xn+1 − yn‖2  ‖xn − yn‖2 − 2λnθn‖xn+1 − yn‖2 + 2(2+L)λ2nM1‖xn+1 − yn‖
+ 2λn (kn − 1)
kn
M1‖xn+1 − yn‖. (3.6)
Moreover, observe that T := 1
kn
T n is pseudocontractive. Thus we have
‖yn−1 − yn‖
∥∥∥∥yn−1 − yn + 1θn
((
yn−1 − 1
kn
T nyn−1
)
−
(
yn − 1
kn
T nyn
))∥∥∥∥

(
θn−1
θn
− 1
)(‖yn−1‖+ ‖x1‖)+ 1
θn
∥∥∥∥ 1kn−1 T
n−1yn−1 − 1
kn
T nyn−1
∥∥∥∥

(
θn−1 − 1
)(‖yn−1‖+ ‖x1‖)+ 1 ∥∥T n−1yn−1 − T nyn−1∥∥
θn θnkn−1
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θn
∣∣∣∣ 1kn −
1
kn−1
∣∣∣∣ · (
∥∥T nyn−1∥∥+ ‖x1‖)

(
θn−1
θn
− 1
)(‖yn−1‖+ ‖x1‖)+ 1
θnkn−1
εn−1
+ 1
θn
|kn−1 − kn|
knkn−1
(∥∥T nyn−1∥∥+ ‖x1‖). (3.7)
Thus, from (3.6) and (3.7) we get that
‖xn+1 − yn‖2  ‖xn − yn−1‖2 − 2λnθn‖xn+1 − yn‖2 + 2(2+L)λ2nM
+ 2λn(kn − 1)M +M
(
θn−1
θn
− 1
)
+ M
θnkn−1
εn−1 + 1
θn
|kn−1 − kn|
kn−1kn
M, (3.8)
for some M > 0. Thus by Lemma 2.2 and the conditions (i)–(iv) on {λn}, {θn}, {kn}
and {εn} we get xn+1 − yn → 0. Consequently, xn − yn → 0. Now we prove that
limn→∞ ‖xn−T xn‖ = 0. By Lemma 3.1, we have that ‖yn−Tyn‖→ 0 as n→∞. Thus,
‖xn − T xn‖ ‖xn − yn‖ + ‖yn − T xn‖
 ‖xn − yn‖ + ‖yn − Tyn‖ + ‖T xn − Tyn‖
 ‖xn − yn‖ + ‖yn − Tyn‖ +L‖xn − yn‖
= (1+L)‖xn − yn‖+ ‖yn − Tyn‖→ 0 as n→∞.
Therefore, ‖xn − T xn‖→ 0 as n→∞. This completes the proof of the theorem. ✷
Remark 3.3. Examples of real sequences which satisfy conditions of Theorem 3.2 are
λn = 1(n+1)a , θn = 1(n+1)b , kn = 1 + d(n+1)c , εn = 1(n+2)c , 0 < a + b < 1, 0 < b < a,
c > a + 2b and d > 0.
Remark 3.4. Theorem 3.2 extends Theorems R, S1 and Theorem 1 of [14] from Hilbert (or
uniformly convex) spaces to arbitrary real Banach spaces. Moreover, the requirement that∑
(kn− 1) <∞ is not required. Furthermore, Theorem 3.2 provides affirmative answer to
Question 1.
3.2. Convergence theorems in certain reflexive Banach spaces
In what follows, for the bounded sequence {yn} defined by Eq. (3.1) with u= x1 and a
Banach limit LIM, let the function, φ :E → R+ be defined by φ(z) = LIMn ‖yn − z‖2
for each z ∈ K ⊂ E. Clearly, φ is continuous, convex and satisfies φ(z) → +∞ as
‖z‖→+∞.
For our next theorem, we need the following proposition.
Proposition 3.5. SupposeE is a real reflexive Banach space with uniform normal structure
and suppose E has uniformly Gâteaux differentiable norm. Let K be a nonempty closed
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such that L < N(E)1/2 and asymptotically pseudocontractive mapping with sequences
{kn} such that (kn−1)kn−tn → 0 as n→∞, and uniformly asymptotically regular. Suppose that∥∥yn − T my∥∥ 〈yn − T my, j (yn − y)〉 ∀m,n 1, ∀y ∈C, (3.9)
where C = {y ∈ K: φ(y) = minz∈K φ(z)}. Then {yn} converges strongly to a fixed point
of T .
Proof. Our proof follows the method of Lim and Xu [20]. Since E is reflexive and φ is
continuous, convex and φ(z)→∞ as ‖z‖→∞, φ attains its infimum over K (see, e.g.,
[19,20]). Hence C := {y ∈K: φ(y)= minz∈K φ(z)} is nonempty, closed and convex. We
show that C has property (P). Let y0 ∈ C and x = w-limj T mj y0 belong to the weak w-limit
set ωw(y0) of T at y0. Then from the weak lower semicontinuity of φ, and the fact that
lim‖yn − Tyn‖ = 0, using (3.9), we have the following estimates:
φ(x) lim inf
j→∞ φ
(
T mj y0
)
 lim sup
m→∞
φ
(
T my0
)
= lim sup
m→∞
(
LIMn
∥∥yn − T my0∥∥2)
 lim sup
m→∞
(
LIMn
〈
yn − T my0, j (yn − y0)
〉)
= lim sup
m→∞
(
LIMn
〈
(yn − Tyn)+
(
Tyn − T 2yn
)+ · · ·
+ (T myn − T my0), j (yn − y0)〉)
 lim sup
m→∞
(
LIMn
[‖yn − Tyn‖ + ∥∥Tyn − T 2yn∥∥+ · · ·
+ ∥∥T m−1yn − T myn∥∥]d + LIMn km‖yn − y0‖2)
 lim sup
m→∞
(
LIMn
[‖yn − Tyn‖ +L‖yn − Tyn‖+ · · ·
+L‖yn − Tyn‖
]
d + LIMn km‖yn − y0‖2
)
= φ(y0)= min
z∈K φ(z), (3.10)
where d = diamK . Thus we have x ∈ C, i.e., ωw(y0) ⊆ C, and hence C satisfies
property (P). Therefore, by Lemma LX, T has a fixed point (say) y∗ ∈ F(T )∩C. Now, for
any x∗ ∈ F(T ) we have the following estimates:
〈
yn − T nyn, j (yn − x∗)
〉= 〈yn − x∗, j (yn − x∗)〉+ 〈x∗ − T nyn, j (yn − x∗)〉
 ‖yn − x∗‖2 − kn‖yn − x∗‖2
=−(kn − 1)‖yn − x∗‖2 =−(kn − 1)d2. (3.11)
Moreover, from (3.1) we have that
yn − T nyn = 1
tn
(kn − tn)(x1 − yn), (3.12)
and thus from (3.11) and (3.12) we get that
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yn − x1, j (yn − x∗)
〉
 tn
(
kn − 1
kn − tn
)
d2 → 0, as n→∞ (by hypothesis). (3.13)
In particular,
〈
yn − x1, j (yn − y∗)
〉
 tn
(
kn − 1
kn − tn
)
d2. (3.14)
Furthermore, since y∗ ∈ C, it is a minimizer of φ over K . Thus by Lemma SR,
LIMn
〈
x − y∗, j (yn − y∗)
〉
 0, ∀x ∈K.
In particular, we have
LIMn
〈
x1 − y∗, j (yn − y∗)
〉
 0. (3.15)
Combining (3.15) and (3.14) we get
LIMn
〈
yn − y∗, j (yn − y∗)
〉= LIMn‖yn − y∗‖2  0. (3.16)
Therefore, there is a subsequence {ynj } of {yn} which converges strongly to y∗. Now,
suppose there exists another subsequence {ynk } of {yn} which converges strongly to
(say) z∗. Then since lim‖yn − Tyn‖ = 0, we have that z∗ is a fixed point of T . Thus, it
follows from (3.15) and (3.14) that 〈y∗−x1, j (y∗−z∗)〉 0 and 〈z∗−x1, j (z∗−y∗)〉 0.
Adding these two inequalities yields〈
y∗ − z∗, j (y∗ − z∗)〉= ‖y∗ − z∗‖2 = 0.
Thus, y∗ = z∗. Therefore, {yn} converges strongly to y∗. ✷
Remark 3.6. We note that if in Proposition 3.5 we assume that every closed convex subset
of K satisfies property (P), then we have the conclusion without the requirement that (3.9)
is satisfied.
Theorem 3.7. Suppose E is a real reflexive Banach space with uniform normal structure
and suppose E has a uniformly Gâteaux differentiable norm. Let K be a nonempty
closed convex and bounded subset of E. Let T :K →K be uniformly L-Lipschitzian with
L < N(E)1/2, uniformly asymptotically regular with sequence {εn} and asymptotically
pseudocontractive with sequence {kn}. Let λn, θn ∈ (0,1), ∀n  1 satisfy conditions (i)–
(iv) of Theorem 3.2 and let limn→∞ kn−1kn−tn = 0, where tn = 11+θn . Suppose that∥∥yn − T my∥∥ 〈yn − T my, j (yn − y)〉 ∀m,n 1, ∀y ∈C,
where C = {y ∈K: φ(y)= minz∈K φ(z)}. Then the sequence {xn} generated from x1 ∈K
by
xn+1 = (1− λn)xn + λnT nxn − λnθn(xn − x1), n 1, (3.17)
converges strongly to a fixed point of T .
Proof. The proof follows from Proposition 3.5 and the proof of Theorem 3.2. ✷
C.E. Chidume, H. Zegeye / J. Math. Anal. Appl. 278 (2003) 354–366 365Corollary 3.8. Suppose E is a real reflexive Banach space with uniform normal structure
and suppose E has a uniformly Gâteaux differentiable norm. Let K be a nonempty closed
convex and bounded subset of E. Let T :K →K be uniformly asymptotically regular with
sequence {εn} and asymptotically nonexpansive with sequence {kn} and for λn, θn ∈ (0,1),
∀n 1. Let conditions (i)–(iv) of Theorem 3.7 be satisfied and limn→∞ kn−1kn−tn = 0, where
tn = 11+θn . Let L := sup{kn} and L<N(E)1/2. Suppose that∥∥yn − T my∥∥ 〈yn − T my, j (yn − y)〉 ∀m,n 1, ∀y ∈C,
where C = {y ∈K: φ(y)= minz∈K φ(z)}. Then the sequence {xn} generated from x1 ∈K
by
xn+1 = (1− λn)xn + λnT nxn − λnθn(xn − x1), n 1, (3.18)
converges strongly to a fixed point of T .
Remark 3.9. Theorem 3.7 is a significant improvement on Theorem S2 of [17] in the
sense that it extends the theorem from smooth reflexive Banach spaces possessing a duality
mapping that is weakly sequentially continuous at 0 to the much more general real reflexive
Banach space E considered in Theorem 3.7 which includes Lp spaces, 1 < p < ∞.
Moreover, Theorem 3.7 and Corollary 3.8 provide affirmative answer to Question 2.
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